
Lecture 6:
.

Recap :

Theorem : ( Rank - Nullity Theorem )

Let V and W be vector spaces set .

V is finite -
dimensional .

Then for any linear transformation T : V -7 w
,

we have .

nullity I T ) t Rankl T ) = dimCV )



Thin : Let V and W be vector spaces of equal finite - dimensions

Let T : V → w be a linear transformation .

Then
,

the following are equivalent :

( a ) T is one - to - one

(b) T is onto

W

(c) Rank IT ) = dim LV ) dim( RCTI ) 's

dinar )
Proof : is one - to - one

⇐ Nullity C T ) = O ( by previous proposition )

⇒ Rank LT ) t NuttyIT) = dim LV )

⇐ Rank
, .LT) = dim CW ) ⇐ RCT ) = W

dim CRNI ) ⇐ T is onto



Example : Consider T -

- Pz C IR ) → Ps ( IR ) defined by =

T ( fix , ) : 2ft x ) + J

!
3ft ) at

-
-

We have RCT ) = span { TCH
,

TCH,
Text }

=

span { 3x , 2+3×3 4×-1×3 }
dim I RCT ) ) = rank IT ) =3 -

Rafikt Nullity it ,fine:c dent

⇒ Nullity LT ) = o ⇒ NLT ) ={ I }

⇒ T is one - to - one .



Example : Show that tfqcx) E PUR )
,

I pcxl EMIR ) such that
A

frail theists ( This onto )
[ ( x 't 5xt 7) PHI )

"
= qcx )

.

Consider T : PUR ) -7 PUR ) defined by .

Tlpcxi ) = C C x' text 7) pex , ]
"

( Exercise : T is linear )
( NeedHWNCT)=¥=o )

because dim C PUR ) ) =D

Idea : Restrict T to Pn CIR ) : Define . T : Pn UR ) → Pull R )

Such that Tlpcxi ) = [ C x45xt7 ) pix , ]
"

Remain to show Nullity L T ) = O
. ( Exercise )



Thin : Let V and W be vector spaces . Let { I
, ,

via
,

.
. .

,
In }

be a basis of V .

Then
, given any To

, ,Iz ,
. . .

,
NEW .

I a unique linear transformation T : V → w such

that Tciii ) -
- Ii for i -

- 1,4 - - in

ni
,

V
T

W

view
.

-1
I

o
"VnW#



Proof : For I
'

EV , I ! ai
,

az
,

- -
-

,
an E F s .

t
.

I
'

aivi
.

We define T : V -7 W by : Tcf ) =

,

aiwi EW

. T is linear : For I =

,
aivit!y

'
= ÷

,

bivi EV

and CEF ,

we have : TC city ) = T ( II
,

@aitbi ) Ii )
= ¥

,

@aitbi ) i

= c zaiwi)t⇐ZbiJi)
I I

11

TCI ) TCF )



. By definition
, T C Tri ) = Ii for i = 1,2 ,  

- .

,
's

• T is unique
i Suppose U -

- V -7W is linear sit .

UCF it -
- Ji for Hi

.

For any I
'

= ¥
,

aivi EV
,

we have :

UCI ) -

- Eia .

. uiEFi=
,

a .
- Ji = text .

i . U
-

- T .



Corollary "

Let V be a vector space
with a finite basis

p
-

. { Ii
, .

. . .tn }
.

Then any linear transformation from V to another

Vector space W is completely determined by its

values on p .

( That is
,

if U and T are linear transformations

from V to W sit . Ucvti I = TCI it
,

then U=T )



Matrix representation

Notation : An ordered basis for a finite - dimensional vector space V

is a basis for V endowed with a specific order .

( es . IR
'

Ello ) , 1913¥E (9) ill )} as

" ordered
I I

p , P2 basis )
Definition ' Let V be a finite - dimensional vector space and

p={ vii. via
, .

.
.

,

In ) be an ordered basis for V
.

Then , tix EV
,

I ! a.
,

az ,
- .

,
an EF sit .

I = II
,

ai Ii
.

The coordinate vector of I relative to p ,
denoted as EX]p ,

is the coluqnqn,
vector Etfs

-
-

( ka EF
's



Remark " Define a map V → Fn .

This map is linear

Its CI3p
( HW -  

[ a

'IyF3p = a -ii3ptCY3p )

Now , suppose V and W are finite - dimensional vector spaces

with ordered bases p - { iii. Iz
,

.
.

,
In } and 8=1 WT

,
. . .

,
Tim }

( for V ) ( for W )
respectively .

Let T -

. V -1W be a linear transformation .

Then for each IEJ Eh
,

I aijef csis m such that

T ( rij ) = ,÷
,

aijwi for a En
,

A

w



Definition : with this notation as above
,

we call the matrix

A ( Aij ) em
the matrix representation

I s n

of T in the ordered bases B and I
,

and

denoted it as A = I Ttp .



T ( Tj ) =

,

aijwi for i En
,

. i:o÷:÷::÷④÷÷÷÷÷:÷:* .

Hi:D , cab Fiends



p
= { Ii

,

Ja
,

. .
.

,
Tin } for V

j = { WT
,

Ja
,

. .
.

,
I'm } for W

:÷::*ina .

-
n


